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Abstract
The interpretation of high-precision lepton-nucleon scattering experiments requires the
knowledge of higher-order radiative corrections. We present a calculation of the cross section
for unpolarized lepton-proton scattering including leptonic radiative corrections up to second
order, including one- and two-loop corrections, radiation of one and two photons and one-
loop corrections for one-photon radiation. Numerical results are given for the planned P2
experiment at the MESA facility in Mainz, and some results are also discussed for Qweak
and the suggested MUSE experiment.
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1 Introduction
Lepton scattering has been, and continues to be, an extremely important experimental technique
to study properties of matter. Elastic and inelastic electron nucleon scattering has allowed us
to obtain information about form factors and structure functions or, at higher energies, parton
distribution functions. Particularly interesting modern research topics include the investigation
of the spin structure of the proton or the recently observed discrepancy in the determination
of the proton charge radius between different experimental techniques. Precision measurements
with polarized electrons are also used to study weak interactions. At low energies, with elastic
electron proton scattering, one can determine the weak charge of the proton, which is related to
the weak mixing angle in the Standard Model. Results of the Qweak experiment at the Jefferson
Laboratory have been published [1] and the Mainz P2 experiment at the MESA accelerator being
under construction is expected to start commissioning in 2021 [2]. Both experiments have, or
will, also provide new limits for physics beyond the Standard Model, complementary to searches
at high-energy colliders. In addition, a µp scattering experiment, MUSE [3], has been proposed
at the PSI with the aim to study the proton radius puzzle.
The improvement of experimental techniques over the years has brought high-precision mea-
surements in reach, often at the percent level, or even better. It is therefore compulsory to
improve the calculation of theoretical predictions to the same level. Higher-order corrections,
in particular QED radiative effects, can often not be taken from the classical work of Mo and
Tsai [4] (see also [5, 6]) without carefully revisiting the underlying assumptions and improving
approximations which had been acceptable in previous experiments. Quite a number of articles
by different groups of authors have appeared since the publication of [4]. Their focus often
was put on the derivation of more precise explicit and simple to use formulas avoiding the
soft-photon and peaking approximations, see for example [7–11]. Also higher-order effects, like
those due to multi-photon radiation in the soft-photon approximation, or re-summed leading
logarithms in the structure function approach can be found in the literature [14].
Radiative corrections depend very strongly on experimental details and the way how kine-
matic variables like energies or scattering angles are measured. Therefore calculations often
require a special treatment for a given experimental situation. For example, there are specially
crafted calculations for ep scattering in coincidence, i.e. where both the scattered electron and
the scattered proton are observed [19], where only the scattered proton is measured [23], or
with reversed kinematics, i.e. with protons scattering off electrons at rest [20]. Also the cal-
culation of radiative corrections for lepton scattering at very high energies requires different
techniques [21,22].
Radiative corrections for electron scattering can be separated into contributions due to (real
and virtual) photon radiation from the lepton, from the nucleon, and its interference. Higher-
order effects at the nucleon require special attention. Real nucleonic radiation is suppressed
due to the higher nucleon mass. Apart from its role as part of radiative corrections, photon
emission from the proton is interesting by itself. For large momentum transfer it is known as
(deeply) virtual Compton scattering (DVCS). It is used to study properties of the nucleon, e.g.
as encoded in generalized parton distributions (GPDs). Radiative corrections for DVCS involve
Feynman diagrams which are also part of the second-order radiative corrections studied in the
present paper, see for example Refs. [12, 13,30,31].
The interference of radiation from the lepton and from the nucleon is intimately linked to
two-photon exchange graphs (box graphs). Both contributions taken separately are infrared
divergent, but the infrared divergent terms cancel when interference effects and box graphs are
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combined. Two-photon exchange corrections have been scrutinized in the recent years, see for
example the review in Ref. [18], since they are expected to be important when data are analysed
with the aim to separate the electric and magnetic form factors of the proton. The observed
discrepancy between different techniques, the Rosenbluth separation on the one hand and a
technique based on polarization measurements on the other hand, is sensitive to the treatment
of two-photon exchange corrections.
Calculations of these radiative effects connected to the nucleon are model-dependent and
often depend on additional assumptions and approximations (see for example [15–17]). Soft
radiation and virtual effects are, however, not observable and appear as a part of the observed,
effective form factors. The separation of such corrections requires a well-defined theoretical def-
inition of bare form factors in the first place. Higher-order QED effects at the nucleon should
be taken into account only if these corresponding corrections had been subtracted during data
analysis to extract the form factors. In practice, the proper inclusion of this type of corrections
can be a formidable task if the treatment of radiative corrections was not well documented
in publications where form factor parametrizations were obtained. The problem is similar to
the determination of parton distribution functions in high-energy experiments. There, a well
understood framework based on the factorization theorem of perturbative Quantum Chromo-
dynamics and the renormalization of parton distribution functions exists; however, a systematic
approach has not been worked out yet for form factor measurements at lower momentum trans-
fer. Therefore we do not include a discussion of radiative effects from the nucleon in the present
paper.
In a realistic experiment one has to impose a set of conditions which fix the observable part of
the final-state phase space. For example, the scattering angle will be restricted by the acceptance
of the detector, or the energy of final-state particles is limited. If the goal is to measure
elastic form factors, one will try to reduce the impact of non-elastic processes, for example by
imposing a cut-off on the missing energy. This would remove e.g. pion production, but also
restrict the emission of hard photons. In experiments with very high luminosity like P2, it is
impossible to realize cuts on individual scattering events and the feasibility to impose kinematic
conditions may be restricted. Finally, the efficiency for the detection of a scattering event
may depend on energies and scattering angles and vary considerably over the observed phase
space. It is therefore obvious that a Monte Carlo simulation program of the process, ideally
interfaced to the simulation code of the detector response, is indispensable. This approach has
become the standard for deep-inelastic lepton scattering like at HERA [21, 24], but has also
been discussed for elastic ep scattering [25]. In addition, with nowadays computer resources,
computer algebra systems and high-performance computing on multi-core systems, there is
anyway no need anymore to search for simplified, i.e. approximate expressions which are fast
to evaluate.
In this paper we re-derive the first-order radiative corrections for elastic lepton-nucleon scat-
tering. The emphasis is, however, on the description of second-order corrections, i.e. two-loop
and two-photon bremsstrahlung for unpolarized lepton proton elastic scattering. As explained
above, we restrict ourselves to purely leptonic corrections, i.e. not including 2- or 3-photon
exchange (box graphs) and not including radiation from the proton. The corrections are imple-
mented in a new Monte Carlo simulation program for numerical calculations which we plan to
make publicly available in the near future [26]. Also an extension to include QED corrections
for the scattering of polarized leptons is in preparation.
The first-order corrections are treated in Sec. 3. In Sec. 4 we describe our new calculation of
second-order corrections, including non-radiative parts and corrections due to the radiation of
one or two photons. Then we describe some tests of the implementation in a program package
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for numerical evaluations in Sec. 5. Finally, in Sec. 6 we present some numerical results, first
of all for applications at the forthcoming P2 experiment in Mainz, and we conclude with final
remarks in Sec. 7.
2 Definitions and general remarks
We denote the 4-momenta of the incoming and scattered lepton (nucleon) by lµ and l′µ (pµ and
p′µ). According to the applications considered in this work we choose a coordinate frame where
the target nucleon is at rest and the z axis is directed along the momentum of the incident
lepton. Symbols for energies and angles of the particles involved in the scattering process can
be found in Fig. 1.
At lowest order, lepton nucleon scattering is described by the exchange of a virtual pho-
ton. The spin-averaged matrix element of the electromagnetic current for a spin-1/2 nucleon,
eu¯(p′)Γµpu(p), can be decomposed into Dirac and Pauli form factors, F p1 and F
p
2 , which are
functions of the momentum transfer Q2 = −(p − p′)2. They are normalized by F p1 (0) = 1
and F p1 (0) = κp − 1 with κp = 2.7928 the proton’s magnetic moment in units of the nuclear
magneton. The proton vertex is determined by
Γµp = γ
µ(F p1 (Q
2) + F p2 (Q
2))− (p+ p
′)µ
2M
F p2 (Q
2) (1)
where M is the nucleon mass. From this vertex rule one obtains the tree-level cross section for
the scattering of unpolarized leptons with mass m` off unpolarized nucleons:
dσ(0)
dQ2
=
piα2
Q4
(
(s−m2` −M2)2 −m2`M2
) (2)[
2 (F p1 )
2 (
(s−m2` −M2)2 + (s−Q2)2 − 2s(m2` +M2) + (M2 +m2` )2
)
+4F p1F
p
2Q
2
(
Q2 − 2m2`
)
+ (F p2 )
2 Q
2
M2
(
(s−m2` −M2)(s−Q2)− (s−Q2)M2 − sm2` + (M2 −m2` )2
)]
.
(see [27]). Here, s is the square of the energy in the center-of-mass reference frame, s = (l+ p)2
and α the fine structure constant. An alternative compact expression for the Born cross section
including all mass terms is given in App. A.
For electron scattering it is often a very good approximation to neglect the lepton mass. For
the applications we have in mind, the energies of the incoming and scattered electrons, E and
l
l′E′, θℓ, φℓ
E
k
Eγ, θγ, φγ
p
Ep, θp, φp
p′
Figure 1: Definition of kinematic variables for lepton nucleon scattering.
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E′, are large, E,E′  m`. For not too small lepton scattering angles θ` one can also assume
that m2`  Q2. It is also often convenient to use the Sachs electric and magnetic form factors
GE = F
p
1 − τF p2 and GM = F p1 + F p2 with τ = Q2/(4M2) and the cross section can be written
in the more compact form, neglecting terms with the lepton mass,
dσ(0)
dΩ`
=
dσMott
dΩ`
1
(1 + τ)
[
G2E(Q
2) + τG2M (Q
2)
]
(3)
with
dσMott
dΩ`
=
α2
4E2
cos2(θ`/2)
sin4(θ`/2)
E′
E
(4)
and
 =
[
1 + 2(1 + τ) tan2(θ`/2)
]−1
. (5)
We note that our program for the numerical evaluation of cross sections includes all lepton mass
terms and is applicable also for the case of muon scattering.
The proton form factors are considered as external input and have to be extracted from
measurements. We have implemented 5 different types of parametrizations existing in the
literature. This can be easily modified, if needed. All our results shown below are obtained
with a simple dipole form factor parametrization, GE =
(
1 +Q2/Λ2
)−2
and GM = κpGE with
Λ = 0.71 GeV2.
At the tree-level and without the emission of a hard photon, the momentum transfer to the
nucleon can be determined from the energy and scattering angle of the outgoing lepton. How-
ever, bremsstrahlung can lead to a shift of Q2 and we have to distinguish the value determined
from the scattered lepton from its true value transferred to the nucleon. To emphasize this fact,
we use the additional symbol Q2` , defined by
Q2` = −(l − l′)2 . (6)
Higher-order corrections are due to additional photon emission and absorption, either vir-
tual, described by loop diagrams, or real, described by bremsstrahlung diagrams. Both parts
contain infrared (IR) divergences which cancel when combined. In our approach we use the
phase-space slicing method to separate soft-photon radiation from hard-photon contributions.
The separation is implemented by using a cut-off ∆ for the energy of a radiated photon. ∆
is chosen small, below the detection threshold for the observation of a photon in the detec-
tor, and the soft-photon part combined with loop diagrams is called non-radiative. First-order
corrections, at order O(α) relative to the Born cross section, are written as
σ(1) = σ
(1)
non-rad + σ
(1)
1hγ , (7)
and
σ
(1)
non-rad = σ
(1)
1−loop + σ
(1)
1sγ . (8)
At second relative order, one has to include contributions with both one or two radiated photons
and one has to distinguish the cases where only one or both photons are either soft or hard.
The second-order contribution to the cross section, σ(2) is therefore split into three parts:
σ(2) = σ
(2)
non-rad + σ
(2)
1hγ + σ
(2)
2hγ , (9)
where
σ
(2)
non-rad = σ
(2)
2−loop + σ
(2)
1−loop+1sγ + σ
(2)
2sγ , σ
(2)
1hγ = σ
(2)
1−loop+1hγ + σ
(2)
1sγ+1hγ . (10)
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The non-radiative parts are rendered IR-finite by including loop diagrams: σ
(2)
non-rad contains
two-loop contributions and mixed soft-photon + one-loop parts, while σ
(2)
1hγ contains one-loop
corrections to the radiative process with one hard photon.
In addition we will use correction factors defined relative to the differential Born-level cross
section dσ(0),
σ
(1)
non-rad =
∫
dσ(0)
[
δ
(1)
1−loop + δ
(1)
1sγ(∆)
]
, (11)
σ
(2)
non-rad =
∫
dσ(0)
[
δ
(2)
2−loop + δ
(2)
1−loop+1sγ(∆) + δ
(2)
2sγ(∆)
]
, (12)
where each δ is labeled with indices as described above for the total cross sections. We also
show explicitly the dependence of the soft-photon parts on the IR cut-off ∆. The soft-photon
part can be calculated analytically, integrating up to the cut-off ∆, by using a soft-photon
approximation as described in Sec. 4.1
Contributions with a hard photon, i.e. with energy above the cut-off ∆, are infrared finite
and the phase space integration can be performed numerically. For one hard photon at tree
level, we can write
σ
(1)
1hγ =
∫
Eγ>∆
d4σ
(1)
1γ , (13)
while at second order we define relative correction factors for the one-loop and soft photon
contributions by writing
σ
(2)
1hγ =
∫
Eγ>∆
d4σ
(1)
1γ
[
δ
(1)
1−loop+1hγ + δ
(1)
1sγ+1hγ(∆)
]
, (14)
where d4σ
(1)
1γ is the differential cross section for one radiated hard photon at the tree-level. The
calculation of σ
(2)
1hγ is treated in Sec. 4.2. Finally, the cross section for two hard photons is given
by
σ
(2)
2hγ =
∫
Eγ , E′γ>∆
d7σ
(2)
2γ . (15)
It is free of any infra-red singularities and can be calculated numerically as described in section
4.4. We emphasize that the cut-off parameter ∆ is introduced only for a technical reason: it
allows us to separate the IR singularities. Only separate parts contributing to the cross section
carry a ∆-dependence as shown in the formulas given above. The sum of non-radiative and
hard-photon contributions has to be independent of ∆. However, when we use the soft-photon
approximation to calculate the non-radiative contributions, and due to numerical uncertainties
we don’t expect the result to be exactly ∆-independent. We will study this at more detail
below.
Explicit simple expressions for Feynman diagrams with loops can be found in the literature.
Where necessary, we use the Mathematica package Feyncalc [28] to perform the calculations,
including a reduction to the conventional scalar one-loop Passarino-Veltman integrals B0, C0
and D0. The final result is obtained in terms of scalar integrals and kinematic invariants. Where
possible we use explicit simple expressions for the scalar integrals. For the numerical evaluation
of more complex scalar integrals we use the package LoopTools [29].
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3 First-order corrections
3.1 Non-radiative cross section
3.1.1 One-loop corrections
The one-loop corrections at the lepton line include self energy diagrams at the external lines
and the vertex graph. The first-order correction to the matrix element squared is given by
|MBorn|2 + 2 Re(M†BornMse1+se2) + 2 Re(M†BornMvert) (16)
where the meaning of the labels for the separate contributions corresponds to the diagrams
shown in Fig. 2. The free lepton propagator for a lepton with four-momentum l, S(0)(l) is
modified by the self-energy Σ(l),
S(l) = S(0)(l) + S(0)(l)Σ(l)S(l). (17)
The renormalized self-energy is given by
ΣR(l) = Σ(l)− (/l −m`)δZ2 − δm`, (18)
where the counter-terms δZ2 and δm` contain the ultra-violet (UV) divergences and are given,
in dimensional regularisation, by
δZ2 = − α
4pi
(
∆ − log m
2
`
µ2
+ 2 log
λ2
m2`
+ 4
)
, (19)
δm` =
α
4pi
m`
(
3∆ − 3 log m
2
`
µ2
+ 4
)
. (20)
∆ =
2
−γE+log 4pi contains the 1/-poles of the UV divergences, µ is the mass scale parameter
of dimensional regularization and λ is a finite photon-mass used to regularize the IR divergence.
For on-shell leptons, the self-energy diagrams vanish after renormalization and we only need to
include the vertex diagram. The relative one-loop correction is given by
δ
(1)
1−loop =
2 Re(M†BornMvert)
|MBorn|2
. (21)
For on-shell leptons, the vertex correction can be separated into two form factors, similar to the
case of the photon-nucleon form factors. Therefore the correction can be taken into account by
replacing the tree-level on-shell vertex by
γµ → Γµvert ≡ F `1(Q2` )γµ +
i
2m`
σµνq
νF `2(Q
2
` ) . (22)
+ +
se1 se2 vert
Figure 2: Feynman diagrams for the one-loop corrections at the lepton line.
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F `2 is UV and IR finite. It is proportional to m` and therefore very small, but we include it
for completeness in our calculations. F `1 is both UV and IR divergent. The UV divergence is
regularized using dimensional regularization and removed by renormalization. At first order the
renormalized form factor is given by
F `1
(1,R)
(Q2` ) = F
`
1
(1)
(Q2` )− F `1
(1)
(0) = F `1
(1)
(Q2` ) + δZ1 , (23)
where we introduced additional upper indices to display the loop-order and distinguish renor-
malized (with index R) from unrenormalized quantities. The counter-term δZ1 is given in the
MS prescription by
δZ1 = − α
4pi
(
∆ − log m
2
`
µ2
+ 2 log
λ2
m2`
+ 4
)
. (24)
δZ1 is identical with δZ2, Eq. (19), as a consequence of the Ward identity. The relative vertex
correction is therefore given by, up to terms suppressed by the lepton mass,
δ
(1)
1−loop = 2F
`
1
(1,R)
. (25)
The result of the loop integration is well-known and can be obtained including the exact lepton
mass dependence:
δ
(1)
1−loop =
α
pi
[
v2 + 1
4v
ln
(
v + 1
v − 1
)
ln
(
v2 − 1
4v2
)
+
2v2 + 1
2v
ln
(
v + 1
v − 1
)
− 2
+
v2 + 1
2v
(
Li2
(
v + 1
2v
)
− Li2
(
v − 1
2v
))]
+ δIR,
(26)
where v =
√
1 + 4m2`/Q
2
` and δIR is the term that contains the IR divergence, given by
δIR =
α
pi
ln
(
λ2
m2`
)[
v2 + 1
2v
ln
(
v + 1
v − 1
)
− 1
]
. (27)
This term will cancel at the level of the cross section when one-photon radiation is included, as
will be seen below.
Although in most cases it is safe to ignore the F `2 form factor, we include it in our calculation,
since it might become important in some regions of the phase space or for the case of µ scattering.
The expression for this form factor can be found in [30] and is given, at first order, by
F `2
(1)
=
α
4pi
v2 − 1
v
ln
(
v + 1
v − 1
)
. (28)
3.1.2 One radiated photon in the soft-photon approximation
The diagrams that contribute to the radiative process `p → `pγ are shown in Fig. 3. We
indicate by labels i and f when the photon is emitted from the initial or the final lepton. The
4-momentum of the additional photon is denoted by kµ and its energy by Eγ . The matrix
element for radiative scattering is
M1γ =M1γi +M1γf . (29)
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l l′
p p′
q′γ +
p′p
γ q′
l′l
k k
(γi) (γf)
Figure 3: Feynman diagrams for first-order bremsstrahlung corrections.
Note that the momentum transfer is shifted by the emission of a photon, qµ → q′µ = lµ−l′µ−kµ,
and the matrix element is proportional to 1/Q2, not 1/Q2` . In the soft-photon approximation,
the matrix element reduces to
M1γ →M1sγ = −eM0γ
(
l∗
lk
− l
′∗
l′k
)
(30)
where µ is the photon polarization vector. Integration over the photon 4-momentum up to a
cut-off ∆ in the soft-photon approximation leads to∫
Eγ<∆
d4σ
(1)
1sγ = dσ
(0)
(
− α
2pi2
)∫
Eγ<∆
d3k
2Eγ
(
l
lk
− l
′
l′k
)2
. (31)
Then the relative one soft-photon correction is given by
δ
(1)
1sγ(∆) =
(
− α
2pi2
)∫
Eγ<∆
d3k
2Eγ
(
l
lk
− l
′
l′k
)2
= −α
pi
(Bll −Bll′ +Bl′l′)− δIR , (32)
where the result has been written as a contribution from initial state radiation, Bll, final state
radiation, Bl′l′ and the interference between the two, Bll′ . The IR divergence is contained in
δIR and cancels exactly against the IR divergent part of Eq. (26). The calculation of Bll and
Bl′l′ is straightforward and leads to
Bll = ln
(
2∆
m`
)
+
E
|~l|
ln
(
m`
E + |~l|
)
, (33)
Bl′l′ = ln
(
2∆
m`
)
+
E′
|~l′|
ln
(
m`
E′ + |~l′|
)
. (34)
The calculation of the interference term Bll′ is more involved and can be done following Refs. [32]
and [8]. The final result is given by
Bll′ = ln
(
4∆2
m2`
)
v2 + 1
v
ln
(
v + 1
v − 1
)
+
βll′
ξ(βE − E′)
[
ln2
(
E − |~l|
E + |~l|
)
− ln2
(
E′ − |~l′|
E′ + |~l′|
)
+ Li2
(
1− β(E − |
~l|)
ξ
)
− Li2
(
1− β(E
′ − |~l′|)
ξ
)
(35)
+ Li2
(
1− β(E + |
~l|)
ξ
)
− Li2
(
1− β(E
′ + |~l′|)
ξ
)]
,
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where ll′ = m2` + Q
2
`/2 is the product of the 4-momenta of the incident and scattered lepton.
The following abbreviations have been used:
β =
ll′ +
√
(ll′)2 −m4`
m2`
,
ξ =
βll′ −m2`
βE − E′ .
The non-radiative relative correction at first order for the cross section with no observed photon
is IR finite and is given by
δ
(1)
non-rad(∆) = δ
(1)
1−loop + δ
(1)
1sγ(∆) . (36)
3.2 One hard photon cross section
The cross-section for the radiative process with one hard photon is given by
d4σ
(1)
1hγ =
d4Γ1γ
4M |~l |
|M1γ |2 (37)
where the flux factor is given for the fixed-target frame and the bar indicates that one has
to average and sum over the polarization degrees of freedom in the initial and final state,
respectively. The differential phase-space is given by
d4Γ1γ =
∫
1
(2pi)5
d4l′ d4k d4p′ δ(l′ 2 −m2` )δ(k2)δ(p′ 2 −M2)δ4
(
l + p− l′ − p′ − k) .
We can choose a phase space parametrization in terms of energies and polar angles of the lepton
and photon in the final state1 as described in detail in App. B. Using the notation defined there,
the cross-section for one hard radiated photon becomes
σ
(1)
1hγ =
1
32(2pi)4M |~l |
E′max∫
E′min
dE′
θmax∫`
θmin`
d cos θ`
Emaxγ∫
∆
dEγ
θmaxγ∫
θminγ
d cos θγ
× |M1γ |
2
sin θ` sin θγ sinφγ
Θ
(
1− A
2
B2
)
, (38)
where sinφγ =
√
1−A2/B2. Explicit expressions forA = A(E′, θ`, Eγ , θγ), B = B(E′, θ`, Eγ , θγ)
and the integration limits are given in App. B, see Eqs. (72) and (75). The matrix element
squared is calculated with the help of the Feyncalc package and the final result is expressed
in terms of invariant products of 4-momenta. A compact expression is given in App. A. We
perform the numerical integration with the Cuba package [34].
1There are alternative choices, for example replacing the photon energy in favor of its azimuthal angle, see
e.g. Ref. [33]. We have implemented also this option in our program for numerical evaluations. We found excellent
agreement between the different phase space parametrizations, but one or the other may be preferable for the
implementation of kinematic cuts depending on the experimental situation.
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3.3 Vacuum polarization
The vacuum polarization, re-summed to all orders, leads to the replacement of the photon
propagator, in Feynman gauge, by
Gµν =
−igµν
q2 [1−Π(q2)] . (39)
The correction can be absorbed in the fine-structure constant
αeff(q
2) =
α
1−Π(q2) . (40)
The contribution from lepton loops is given at first order by
δleptonsvac-pol = 2Πe+µ+τ (q
2) = δevac-pol + δ
µ
vac-pol + δ
τ
vac-pol (41)
and can be written, for space-like momentum transfer −q2 = Q2 > 0, in the compact form
δ`vac-pol =
2α
3pi
[(
v2 − 8
3
)
+ v
(3− v2)
2
ln
(
v + 1
v − 1
)]
, (42)
where v =
√
1 + 4m2`/Q
2 with m` the mass of the lepton in the loop. At large Q
2 and including
the two-loop contribution, one may use [35]:
δ`vac-pol = 2
α
pi
(
1
3
ln
Q2
m2`
− 5
9
)
+ 2
(α
pi
)2(1
4
ln
Q2
m2`
+ ζ(3)− 5
24
)
+O(α3) . (43)
The hadronic part of Π(q2) can be extracted from experimental data for the cross section
of e+e− annihilation into hadrons. We use a table provided by F. Ignatov [36] (see also [37])
but it is straightforward to replace this by other parametrisations, as for example the one of
Ref. [38] or [39]. In Fig. 4 we show numerical results for δvac-pol. We conclude that one has to
include the vacuum polarisation effect in a high-precision calculation of the cross section and
contributions from other than electron loops should not be neglected for Q2 values above a few
times 10−2 GeV2.
10−3 10−2 10−1 100
0.01
0.02
0.03
Q2 [GeV2]
δe+µ+τ+hadrvac
δe+µvac
δevac
Figure 4: Leptonic and hadronic contributions to the vacuum polarization in the Q2 range
relevant for the P2 experiment.
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4 Second-order corrections
4.1 Non-radiative corrections
The Feynman diagrams for two-loop corrections at the lepton line are shown in Fig. 5. Their
contribution to the matrix element is denoted by M2-loop. The relative two-loop correction
factor includes the square of the one-loop corrections and is given by
δ
(2)
2−loop =
|Mvert|2 + 2 Re(M†BornM2-loop)
|MBorn|2
. (44)
For electron scattering, the Pauli form factor F `2 can be neglected at this order. Then the
two-loop correction reduces to
δ
(2)
2−loop =
(
F
`(1)
1
)2
+ 2F
`(2)
1 . (45)
A compact expression for δ
(2)
2−loop, valid for Q
2
`  m2` , can be extracted from Ref. [40] and is
given by2
δ
(2)
2−loop =
1
2
(
δ
(1)
1-loop
)2
+
( α
4pi
)2 [− 8
9
L3 +
76
9
L2 +
(
−979
27
− 44pi
2
9
+ 48ζ(3)
)
L+
4252
27
+
47pi2
3
− 16pi2 ln(2)− 72ζ(3)− 64pi
4
45
+O
(
m2`
Q2`
)]
, (46)
where L = ln
(
Q2`/m
2
`
)
. Eq. (46) agrees with the earlier calculation of Ref. [43]3. After removing
the UV divergent parts the expression still contains IR divergences which cancel when soft-
photon corrections are included at the level of the cross section. The soft-photon corrections
at second order are corrections from two-soft-photon radiation and one-loop corrections for
one-soft-photon radiation.
2We note that the diagram of Fig. 5c is taken into account with an electron loop only. In principle, there are
also contributions with a heavy lepton or with hadronic states in the loop. These contributions can be calculated
for example with the help of a dispersion relation technique. From similar calculations for other processes [41,42],
their numerical contribution can be estimated to be small.
3The two-loop electron form factor from a calculation where both UV and IR divergences are isolated in
dimensional regularization can be found in Ref. [44]
(a) (b) (c)
(d) (e) (f) (g)
+ ++
++
+
Figure 5: Feynman diagrams for two-loop vertex corrections.
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+ +q′′
k2
k1
k1
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k2
(2γia) (2γifa) (2γfa)
+
k1
k2
k2
k1
k2
k1
++
(2γib) (2γifb) (2γfb)
Figure 6: Feynman diagrams for two-photon bremsstrahlung.
The diagrams for two-photon radiation are shown in Fig. 6. In the soft-photon approxima-
tion, the corresponding correction factor is given by
δ
(2)
2sγ =
1
2!
(
− α
4pi2
)2 ∫
Eγ , E′γ<∆
d3k1
Eγ
d3k2
E′γ
(
l1
l1k1
− l2
l2k1
)2( l1
l1k2
− l2
l2k2
)2
. (47)
If both photon energies separately are taken smaller than the cut-off value ∆, as we assume
here, the phase space integration factorizes and leads to
δ
(2)
2sγ =
1
2!
(
δ
(1)
1sγ
)2
. (48)
In contrast, if the integration is done by restricting the total unobserved energy, i.e., using
Eγ +E
′
γ < ∆, as was done for example in [40], the soft-photon correction factor δ
(2)
2sγ contains an
additional term −α23 (L−1)2, which comes from the phase-space overlap of the two photons [14].
In our approach we take account of this overlap region in the contribution from two hard
photons. Of course, the final result has to be independent of the way the phase-space slicing is
implemented.
The Feynman diagrams for one radiated photon at one-loop order are shown in Fig. 7.
When treating the photon as soft, one can approximate their contribution by a factorized form
in terms of the one-photon and one-loop correction factors:
δ
(2)
1−loop+1sγ(∆) = δ
(1)
1−loopδ
(1)
1sγ(∆) . (49)
Combining all non-radiative second order corrections at the level of the cross section we obtain
an IR finite, but cut-off dependent result,
δ
(2)
non-rad(∆) = δ
(2)
2−loop + δ
(1)
1−loopδ
(1)
1sγ(∆) + δ
(2)
2sγ(∆) . (50)
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4.2 One-loop corrections to radiative scattering
A complete second-order calculation of the cross section includes one-loop corrections for the
process with one radiated photon. The corresponding Feynman diagrams are shown in Fig. 7.
Lepton self energy corrections at external legs are not needed since their contribution vanishes
after renormalization as mentioned above.
First, there are two self-energy diagrams with a photon radiated from the off-shell line.
Their contribution to the matrix element is denoted by
Mse1γ =Mse1γi +Mse1γf . (51)
The one-loop integral entering Mse1γ is IR finite. Its UV divergence is removed by adding the
vertex counter-term proportional to δZ1 (see Eq. (24)).
Next, two diagrams are vertex corrections with a photon emitted from the off-shell line and
their matrix element is denoted by
Mv1γ =Mv1γi +Mv1γf . (52)
The 4-point one-loop integrals needed here are UV finite, but contain IR-divergent contributions.
The second row of diagrams in Fig. 7 have a photon attached to an external, on-shell lepton
line; two of them are self energy insertions in the off-shell lepton line,
Mse2γ =Mse2γi +Mse2γf , (53)
and two of them describe a one-loop vertex correction,
Mv2γ =Mv2γi +Mv2γf . (54)
These diagrams are UV divergent and require renormalization by including counter-terms, either
at the vertex (δZ1) or at the lepton self energy (δZ2 and δm`).
The second-order corrections due to these diagrams are obtained from the interference with
the first-order diagrams. They can be split into parts,
δ
(2)
1−loop+1hγ = δse1γ + δv1γ + δse2γ + δv2γ , (55)
with an obvious meaning of the indices as explained above.
+
+ +
+ + +
(se1γi) (se1γf) (v1γi) (v1γf)
(v2γi) (v2γf) (se2γi) (se2γf)
+
Figure 7: Feynman diagrams for one-loop corrections to one-photon bremsstrahlung.
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4.3 One hard and one soft photon
IR divergences contained in one-loop corrections to the radiative process described in the pre-
vious sub-section are cancelled by corresponding IR divergences from soft-photon contributions
of 2-photon bremsstrahlung. The diagrams for `p→ `pγγ have been presented above in Fig. 6.
We separate IR divergent contributions by assuming one photon is soft and the other is hard.
In the soft-photon approximation, the IR divergence can be factorized as described above. If
the soft photon has momentum k1, the IR part of M2γ is contained in
MIR-div2γ = −eM1γ(k2)
(
l∗
lk1
− l
′∗
l′k1
)
, (56)
where M1γ(k2) is the matrix element for bremsstrahlung of a photon with momentum k2. Of
course, one has to include a similar term with interchanged photon momenta k1 ↔ k2.
The cross section for two photons in the final state is given by
d7σ2γ =
d7Γ2γ
2 · 4M |~l|
|M2γ |2 , (57)
where a symmetrization factor of one-half is applied to take into account the fact that there
are two identical particles in the final state. Making the integration over the photon energies
explicit and taking into account that the cross section is symmetric with respect to interchanging
k1 ↔ k2, the separation between soft- and hard-photon phase space regions is done as∫ Emaxγ
0
dEγ
∫ Emaxγ
0
dE′γ =
∫ ∆
0
dEγ
∫ ∆
0
dE′γ + 2
∫ Emaxγ
∆
dEγ
∫ ∆
0
dE′γ +
∫ Emaxγ
∆
dEγ
∫ Emaxγ
∆
dE′γ .
(58)
Only the second term on the right-hand side of Eq. (58) contributes to the part of the total
cross section considered here, where we require one hard and one soft photon. The first part is
purely soft-photon and contributes to the non-radiative cross section, combined with the 2-loop
contribution. The last term for two hard photons is described in the next sub-section.
The infrared divergence can be factorized, resulting in
σ
(2)
1sγ+1hγ(∆) = 2
∫ Emaxγ
∆
∫ ∆
0
(
d7σ2γ
)
1γ→0 = δ
(1)
1sγ(∆)
∫ Emaxγ
∆
d4σ1γ+2
∫ Emaxγ
∆
∫ ∆
0
(
d7σ2γ
)IR-finite
1γ→0 ,
(59)
where δ
(1)
1sγ(∆) was defined in Eq. (32) and the factor of 2 was cancelled by the symmetry factor
of the 2-photon cross section. Its IR-divergent part cancels against corresponding parts of the
one-loop corrections to radiative scattering. One can show that the factorized part (the first
term of the right-hand side of Eq. (59)) emerges from those four Feynman diagrams of Fig. 6
where the soft photon is emitted from an on-shell line. The two remaining diagrams with a soft
photon coming from an off-shell line lead to an IR-finite contribution (the last term in Eq. (59)).
This part can be safely calculated by numerical methods.
4.4 Two hard-photons
The cross section for `p→ `pγγ is given by Eq. (57). The differential phase-space is given by
d7Γ =
∫
1
(2pi)8
d4l′ d4p′ d4k1 d4k2 δ(l′ 2 −m2` )δ(p′ 2 −M2)δ(k21)δ(k22)
× δ4 (l + p− l′ − p′ − k1 − k2) . (60)
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The treatment of the delta-functions and the derivation of integration limits is described in
App. C. The spin-averaged square of the matrix element is calculated with the Feyncalc package
and expressed in terms of invariants. The result is lengthy and not given here. Using the
notation defined in App. C, the cross section for two-hard-photon radiation is expressed as
σ
(2)
2hγ =
EγE
′
γ |~l ′|
128(2pi)7M |~l|
E′max∫
E′min
dE′
cos θ`,max∫
cos θ`,min
d cos θ`
Eγ,max∫
∆
dEγ
E′γ,max∫
∆
dE′γ (61)
×
cos θ′γ,max∫
cos θ′γ,min
d cos θ′γ
φ′γ,max∫
φ′γ,min
dφ′γ
cos θγ,max∫
cos θγ,min
d cos θγ
|M2γ |2
|α1 cosφγ − α2 sinφγ |Θ
(
1− α
2
3
α21 + α
2
2
)
.
The integration limits and the definition of the quantities αi are given in App. C. Since the IR
poles are cut off by lower integration limits on the photon energies, one can, in principle use
standard integration packages for numerical calculations. It turns out, however, that collinear
poles in the differential cross section render a naive approach numerically unstable. In order to
deal with this problem we have used a partial fractioning to separate the collinear poles
d7σ
(2)
2γ ∝
1
(lk1) · (lk2) · (l′k1) · (l′k2) →
A
lk1
+
B
lk2
+
C
l′k1
+
D
l′k2
. (62)
For each term in the sum after partial fractioning we find a specific change of integration
variables which allows us to obtain an efficient and numerically stable integration.
5 Numerical tests
The presence of divergences in intermediate results forces us to introduce various regularization
parameters which must cancel in the final result:
• UV divergences are treated in dimensional regularization where pole terms in ∆ appear.
They are accompanied by logarithms of a mass scale parameter µ introduced to keep the
mass dimension of loop integrals homogeneous. Both the ∆- and µ-dependence cancel
by including corresponding counter-terms.
• IR divergences are regularized by a finite photon mass λ. Logarithms of the photon
mass have to cancel exactly between loop contributions and corrections from soft-photon
radiation.
• The phase space slicing parameter ∆ was introduced to separate soft-photon from hard-
photon contributions. The part with Eγ , E
′
γ < ∆ is calculated in the soft-photon approx-
imation. Therefore the ∆-dependence disappears only in the limit ∆ → 0. A residual
∆-dependence may be visible if ∆ is chosen too large.
The implementation of loop integrals in the LoopTools package [29] allows us to keep the
parameters ∆, µ and λ in separate parts of the calculation. Their cancellation can therefore
be tested numerically. As an example, we show numerical results for the O(α) corrected one-
photon bremsstrahlung cross section, given in Eq. (14) for P2 kinematics, i.e. for E = 155 MeV,
θ` = 35
◦ ± 10◦ and E′min = 45 MeV and with a cut-off for the photon energy of ∆ = 10 MeV.
We take default values for the three regularization parameters as λ2 = m2e, ∆ = 0 and µ
2 = 1.
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λ2 [GeV2] m2e 10
−4 10−8 10−12
σ
(2)
1hγ 4034.10± 0.92 4033.33± 0.92 4033.89± 0.87 4033.79± 0.88
∆ 0 10
2 104 106
σ
(2)
1hγ 4034.10± 0.92 4033.84± 0.91 4033.41± 0.90 4031.11± 0.92
µ2 1 104 108 1012
σ
(2)
1hγ 4034.10± 0.92 4033.03± 0.90 4034.04± 0.94 4033.41± 0.92
Table 1: Test of the independence of σ
(2)
1hγ (see Eq. (14)) on the unphysical regularization
parameters λ2, ∆ and µ
2. The uncertainty estimates are due to the finite statistics of the
Monte Carlo integration.
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−0.3
−0.2
−0.1
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E = 155 MeV
θℓ = 35
◦
∆ [MeV]
δ
(1)
non-rad
δ
(1+2)
non-rad
Figure 8: The dependence of the non-radiative parts of the correction factors at first and
second order on the phase space slicing cut-off ∆.
From Tab. 1 we conclude that these unphysical parameters can be varied over a very large
range of values without leading to a significant numerical variation of the correction factor.
The observed behaviour constitutes a test of an important part of the calculation.
The non-radiative parts of the cross section depend logarithmically on the phase space slicing
parameter ∆, at first order δ
(1)
non-rad ∝ ln ∆, at second order δ(2)non-rad ∝ ln2 ∆. A typical example
of numerical results of the ∆-dependence for the case of the P2 experiment is shown in Fig. 8.
This ∆-dependence is cancelled by the hard-photon contribution. In Fig. 9 we show an example,
again for the kinematics of the P2 experiment. At large values of the soft-photon cut-off, when
∆ reaches some 10 percent of the beam energy, the break-down of the soft-photon approximation
is visible. Below ∆ ' 10 MeV, there is a nice plateau where the total result is independent of
the cut-off. At first order, the cancellation looks perfect while for the second-order calculation
one can observe that the numerical cancellation becomes less and less stable for decreasing ∆.
However, the choice 1 MeV<∼∆<∼ 10 MeV is appropriate for the P2 experiment and guarantees
that the soft-photon approximation used for the calculation of the non-radiative part of the
total correction does not lead to a significant distortion of the total result.
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100 101 102
0.03
0.035
0.04
δ
E = 155 MeV
E′min = 45 MeV
θ` = 35
◦ ± 10◦
∆ [MeV]
first order
second order factorized
second order exact
Figure 9: Test of the ∆-independence of the complete correction factors when non-radiative
contributions and hard-photon radiative effects are added, at first order δ = σ(1)/σ(0) − 1 and
at second order δ = σ(2)/σ(0) − 1. Beam energy and the range of the scattering angle is chosen
for the P2 experiment. The meaning of the labels “factorized” and “exact” is explained in the
text.
It is also interesting to study an approximation for the calculation of δ
(2)
1−loop+1hγ , Eq. (55).
The approximation consists in assuming that the one hard-photon correction and the loop
correction factorize also for finite values of the photon energy. This amounts to the replacement
δ
(2)
1−loop+1hγ → δ(1)1−loop. (63)
Figure 9 shows an example of numerical results based on this approximation (green, dash-dotted
line). We find good agreement between the exact calculation and the approximation, at the
level of 10−4 and better for the energy and angle range shown in this figure. In a more detailed
study we found that the differences are largest in the vicinity of the final-state radiation peak.
6 Numerical results
We start this section with the discussion of a few numerical results for leptonic radiative cor-
rections which are relevant for the P2 experiment at the MESA facility in Mainz [2]. The P2
experiment plans to measure the parity-violating asymmetry in elastic electron proton scatter-
ing with a polarized electron beam of energy E = 155 MeV. The P2 spectrometer covers an
angular acceptance range of 35± 10◦ and for simplicity we assume that only scattered electrons
with a fixed energy of at least E′min = 45 MeV are detected. The average momentum trans-
fer squared is 〈Q2〉 = 6 · 10−3 GeV2. An ancillary measurement for the determination of the
axial and strange magnetic form factors at backward angles is also possible. Such a measure-
ment could cover the angular range 135◦ ≤ θ` ≤ 155◦. We repeat that we have used a simple
dipole parametrization for the proton form factors, GE =
(
1 +Q2/Λ2
)−2
and GM = κpGE with
Λ = 0.71 GeV2 and we have checked that, while the cross sections can change by a few per mill
when using a different form factor parametrization, the correction factors are insensitive to this
choice at the level well below one per mill.
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Figure 10: The non-radiative part of the correction factors at first (dashed, blue curve) and
second order (full, red curve) in the range of scattering angles relevant for P2: forward scattering
with 25◦ < θ` < 45◦ (left) and backward scattering with 135◦ < θ` < 155◦ (right). Soft-photon
corrections are included with the cut-off fixed at ∆ = 10 MeV.
The non-radiative part of the corrections is shown in Fig. 10. In this case, soft-photon
radiation is included with the cut-off ∆ = 10 MeV. The corrections reach the level of some
−8.5 % and exhibit a moderate Q2 dependence. Second-order corrections are small, but are
relevant at the level of 0.3 to 0.5 %. The layout of the P2 spectrometer with a solenoidal
magnetic field is constructed in such a way that no bremsstrahlung photon emitted in the
target volume can reach the detector. Therefore, radiative scattering will contribute to the
measured cross section as long as the scattered electrons fulfil the condition E′ > E′min. The
25 30 35 40 45
0.036
0.038
0.04
0.042 E = 155 MeV
E′min = 45 MeV
δ
θℓ [degrees]
first order
second order
135 140 145 150 155
0.015
0.02
0.025
0.03
δ
E = 155 MeV
E′min = 45 MeV
θℓ [degrees]
first order
second order
Figure 11: The complete radiative correction factors at first (dashed, blue curve) and second
order (full, red curve) in the range of scattering angles relevant for P2: forward scattering with
25◦ < θ` < 45◦ (left) and backward scattering with 135◦ < θ` < 155◦ (right). Hard-photon
radiation is included with the restriction that the final state electron has an energy above
E′min = 45 MeV.
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Figure 12: The complete radiative correction factors at first (dashed, blue curve) and second
order (full, red curve) for P2 as a function of the cut-off on the energy of the scattered electron
E′min (left) and as a function of the beam energy with fixed E
′
min (right). The scattering angle
was integrated over the range 25◦ ≤ θ` ≤ 45◦.
complete radiative correction factor including hard-photon radiation is shown in Fig. 11. We
find that the cross section is increased significantly by the inclusion of radiative processes. The
corrections are now positive, at the level of a few percent. The difference between the first- and
second-order calculations turns out to be slightly smaller in the forward region, but can still
reach somewhat more than half a percent in the backward region.
While it is not possible at the P2 experiment to impose a veto on hard radiated photons
directly, the requirement of a minimum energy E′min for the scattered electrons restricts the
phase space for photon emission indirectly. This introduces a strong dependence on E′min.
Numerical results are shown in Fig. 12 (left), again both at first and at second order. In the
P2 experiment energy loss can also occur when the incoming electron passes through the liquid
hydrogen target. It is therefore also important to know how the cross section depends on the
energy E of the incoming electrons. Results for the first- and second-order radiative correction
factors are shown in the right part of Fig. 12. For reduced E while keeping E′min = 45 MeV fixed,
hard-photon radiation will be suppressed and the corrections become negative. The observed
strong dependence on E and E′min highlights the necessity to include radiative effects in a full
Monte-Carlo simulation of the experiment where the acceptance for electron detection may be
a complicated function of the scattering angle.
For a better understanding and for completeness we also show results for the cross section of
radiative ep scattering in Fig. 13. This process is, in fact, not measurable at P2. The plot of this
figure shows that bremsstrahlung is dominated by far by the emission of photons collinear with
the incoming electrons, but there is also a peak in the angular distribution where photons are
emitted in the direction of the scattered electron. The one-loop and soft-photon corrections for
radiative scattering are negative on the collinear peaks (−7 % for θγ = θ` = 35◦) and positive
for photon emission angles far away from the peaks (+11.4 % for θγ ' 15◦). A particularly
interesting feature is a dip on top of the final-state radiation peak, shown in more detail in
the upper right corner of Fig. 13. The final-state peak is determined by terms proportional to
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Figure 13: Cross section for radiative scattering with an observed photon of energy Eγ ≥
∆ = 10 MeV at tree level (first order, blue dashed line) and including the effect due one-loop
corrections and a second unobserved soft photon with energy below the cut-off ∆ = 10 MeV
(second order, full red line). The beam energy is E = 155 MeV and the scattering angle of the
electron fixed at θ` = 35
◦. The energy of the scattered electron is integrated over the range
E′ > 45 MeV.
1/(l′k) in the soft-photon eikonal factor, see Eq. (31),
1
l′k
=
1
Eγ
(
E′ − |~l ′| cosψ
) , (64)
where ψ is the angle between the scattered lepton and the emitted photon. It is obvious that
for a photon emitted collinearly with the final-state electron, i.e. for ψ → 0, and for m` → 0
this term diverges. One can show that for a finite value of the electron mass the dominating
terms in the eikonal factor vanish for zero emission angle,
2l′l
(l′k)(lk)
− m
2
`
(l′k)2
−→ 1
E2γ
4E′ 4
m4`
ψ2 (65)
for ψ  m`/E′  1, which explains the local minimum in the angular distribution of Fig. 13.
The details of this feature depend on the value of the lepton mass and will be particularly
important for muon scattering. Effects due to lepton-mass dependent terms in the cross section
have been discussed in detail also in Refs. [45, 46]. Our results agree with these references.
In Figure 14 we show an example of results for the radiative correction factor relevant for
the Qweak experiment. Here the beam energy is E = 1.16 GeV and the experiment covers
scattering angles between 5.8◦ and 11.6◦. The corrections are similar to the case of P2 and
reach the level of roughly 5 %. The corrections at second order are smaller than at first order
by an order of magnitude.
Finally we conclude the discussion with a few results for the planned MUSE experiment
where also the scattering of muons off protons will be measured. The beam momentum is
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Figure 14: The complete radiative correction factors at first (dashed, blue curve) and second
order (full, red curve) in the range of scattering angles relevant for Qweak at E = 1.76 GeV.
Hard-photon radiation is included with the restriction E′min = 0.35 GeV.
fixed at |~l| = 210 MeV and we do not impose a restriction on the energy of the final-state
muon. Results are shown in Fig. 15. The corrections are rather small and vary between −0.1 %
and −0.9 %. For the calculation of the second-order corrections in this figure we have used the
expression Eq. (46) taken from Ref. [40]. This formula is known to be valid for large momentum
transfer and maybe not applicable in the range of scattering angles in the MUSE experiment.
As a test we show in Fig. 16 the non-radiative correction factor over a larger range of Q2
values and using two alternative expressions taken from Ref. [43]. The one denoted “Mastrolia
Q2 → ∞” contains additional lepton mass dependent terms up to and including 4th powers
20 40 60 80 100
−0.008
−0.006
−0.004
−0.002
0
|~l| = 210 MeV
MUSE
δ
θℓ [degrees]
first order
second order
Figure 15: The complete radiative correction factors at first (dashed, blue curve) and second
order (full, red curve) in the range of scattering angles relevant for muon scattering at the
planned MUSE experiment. Hard-photon radiation is included without an additional restriction,
i.e. E′min = mµ. The soft-photon cut-off is fixed at ∆ = 0.01 MeV and we have used Eq. (46)
for the 2-loop corrections [40].
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Figure 16: The second-order non-radiative part of the corrections for muon scattering at the
MUSE experiment using different approximations from Refs. [40, 43] as described in the text.
of µ =
(
m2`/Q
2
)
and the option denoted “Mastrolia Q2 → 0” includes terms up to µ−4. Our
expression derived from Hill’s result, Eq. (46), agrees with Ref. [43] at large Q2, as expected,
and seems to provide a nice interpolation between the large-Q2 and small-Q2 limits of Ref. [43],
but this may be accidental. For a conclusive interpretation of a high-precision measurement
of muon scattering, a calculation of 2-loop and 2-photon corrections taking into account the
full mass dependence will be needed. We mention that radiative corrections for the MUSE
experiment based on an alternative approach have also been studied recently in Ref. [47].
7 Concluding remarks
We have calculated leptonic QED corrections for elastic lepton nucleon scattering at first and
second order, i.e. including one- and two-loop virtual corrections and one- and two-photon real
radiation. Our study of numerical results, in particular for the P2 experiment in Mainz, shows
that radiative corrections have to be analysed with care taking into account experimental details
which restrict the phase space for photon radiation. Second-order corrections are generally small
and will become relevant for measurements at the per mill level. We plan to make the Monte
Carlo simulation program, which implements these corrections, publicly available in the near
future.
At the time being, our calculation is restricted to the leptonic part of corrections. The
inclusion of radiation at the nucleon and two-photon exchange processes will require additional
work. In particular, a well-defined separation of corrections contained in the effective nucleon
form factors from corrections which can be subtracted during data analysis has still to be
worked out. The extension of the calculation for the polarization dependent part, i.e. including
Feynman diagrams with Z-boson exchange, is in preparation. This calculation will be needed for
the planned high-precision measurement of the weak charge of the proton at the P2 experiment.
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A Cross-sections for ep→ ep and ep→ epγ
The matrix element squared for non-radiative ep scattering, averaged and summed over the
spin degrees of freedom in the initial and final states, can be given in a compact form using the
following form factor combinations:
G ≡ −2Q2 (F p1 + F p2 )2 , H ≡ 4 (F p1 )2 +
Q2
M2
(F p2 )
2
. (66)
We find
dσ(0)
dQ2
=
|MBorn|2
16pi
[
(s−m2` −M2)2 −m2`M2
] (67)
with
|MBorn|2 = (4piα)
2
Q4
{
G(2m2e −Q2)−H
[
M2Q2 +
(
s−m2e −M2
) (
Q2 − s+m2e +M2
)]}
,
(68)
and s = (l + p)2. For the matrix element squared of the radiative process with one additional
photon, it is convenient to introduce also the variables S = 2l1 · p1 and U = −2l2 · p1. We find
for the matrix element squared for ep→ epγ, averaged and summed over initial and final state
spin degrees of freedom:
|M1γ |2 = (4piα)
3
Q4
1
(l1k)2(2l1k +Q2` −Q2)2
{
(69)
G
[
− 16(l1k)4 − 16(l1k)3(Q2` −Q2) + (l1k)2(8m2`Q2` − 6Q4` + 8Q2`Q2 − 6Q4)
−l1k(Q2` −Q2)(−4m2`Q2` +Q4` +Q4)−m2` (2m2` −Q2)(Q2` −Q2)2
]
−H
[
16(l1k)
4M2 + 8(l1k)
3
(
2M2(Q2` −Q2) +
1
2
Q2(S − U))
+2(l1k)
2
(
2m2` (Q
2 − S − U)2 +Q2Q2` (2S − U) +Q4(S − 2U)
+Q2(S2 + U2) +M2(3Q4` − 4Q2`Q2 + 3Q4)
)
+l1k(Q
2
` −Q2)
(
2m2` (Q
2 − 2U)(Q2 − S − U)
−Q2(−Q2`S −Q2U + S2 + U2) +M2(Q4` +Q4)
)
−m2` (Q2` −Q2)2
(
M2Q2 + U(Q2 − U)) ]} .
B Phase-space for one-photon bremsstrahlung, ep→ epγ
After integrating out the final-state nucleon momentum to remove the δ-function for energy-
momentum conservation, the phase space for `p→ `pγ is given by
d4Γ =
∫
1
(2pi)5
d3l′
2E′
d3k
2Eγ
δ
[
(l + p− l′ − k)2 −M2] . (70)
Using energies and angles as shown in Fig. 1 we write
d3l′ = E′ |~l ′|d cos θ` dφ` dE′ ,
d3k = E2γ d cos θγ dφγ dEγ ,
(l + p− l′ − k)2 −M2 = 2(A−B cosφγ) (71)
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with
A =M(E − E′ − Eγ)− EE′ + E′Eγ − EEγ + |~l||~l ′| cos θ`
+ |~l|Eγ cos θγ − Eγ |~l ′| cos θ` cos θγ +m2` ,
B =Eγ |~l ′| sin θ` sin θγ . (72)
For unpolarized scattering, one can perform the integration over the azimuthal angle of the
scattered lepton φ` and we find
dΓ =
∫
1
4(2pi)4
Eγ |~l ′|dE′ d cos θ` dEγ d cos θγ dφγ δ [2(A−B cosφγ)]
=
1
8(2pi)4
dE′ d cos θ` dEγ d cos θγ
sin θ` sin θγ sinφγ
Θ
(
1− A
2
B2
)
, (73)
where sinφγ =
√
1−A2/B2. Integration limits follow from the condition
A2
B2
≤ 1 . (74)
We find
m` < E
′ < E , (75)
max
(
EE′ −M(E − E′)−m2`
|~l||~l ′|
,−1
)
< cos θ` < 1 ,
y
a− x < Eγ < −
y
a+ x
,
−F√F 2 +D2 − C2 −DC
D2 + F 2
< cos θγ <
F
√
F 2 +D2 − C2 −DC
D2 + F 2
,
where we have used
C =M(E − E′ − Eγ)− EE′ + E′Eγ − EEγ + |~l||~l ′| cos θ` +m2` ,
D =Eγ(|~l| − |~l ′| cos θ`) ,
F =Eγ |~l ′| sin θ` ,
a =
√
|~l|2 + |~l ′|2 − 2|~l||~l ′| cos θ` ,
x =E′ − E −M ,
y =M(E − E′)− EE′ + |~l||~l ′| cos θ` +m2` .
C Phase-space for two-photon bremsstrahlung, ep→ epγγ
We use the same notation as shown in Fig. 1, but consider two photons in the final state,
whose 4-momenta are denoted by k and k′ with energies Eγ , E′γ and angles θγ , θ′γ , φγ , and φ′γ ,
respectively. Using the δ function from energy-momentum conservation, the integration over
the 4-particle phase space can be written as
d7Γ2γ =
EγE
′
γ |~l ′|
16(2pi)7
dE′ d cos θ` dEγ dE′γ d cos θ′γ dφ′γ d cos θγ
|α1 cosφγ − α2 sinφγ | (76)
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where
φγ = arcsin
α3√
α21 + α
2
2
− arcsin α2√
α21 + α
2
2
(77)
with
α1 =EγE
′
γ sin θγ sin θ
′
γ sinφ
′
γ ,
α2 =|~l ′|Eγ sin θ` sin θγ + EγE′γ sin θγ sin θ′γ cosφ′γ ,
α3 =m
2
` +M(E − E′ − Eγ − E′γ)− E(E′ + Eγ + E′γ) + E′(Eγ + E′γ) + |~l||~l ′| cos θ`
+ |~l|Eγ cos θγ + |~l|E′γ cos θ′γ − |~l ′|E′γ(sin θ` sin θ′γ cosφ′γ + cos θ` cos θ′γ)
− |~l ′|Eγ cos θ` cos θγ − EγE′γ cos θγ cos θ′γ + EγE′γ .
Integration limits for angles and energies follow from the condition that the arguments of the
arcsin-functions in the expression for φγ in Eq. (77) have to be in the allowed range between −1
and +1. The required calculations are straightforward, but tedious, and we write down only a
few partial results in the following. For θγ we find:
−β2β3 − β1
√
β
β21 + β
2
2
< cos θγ <
−β2β3 + β1
√
β
β21 + β
2
2
(78)
with
β1 =
√
2E2γ |~l ′|E′γ sin θ` sin θ′γ cosφ′γ + E2γE′ 2γ sin2 θ′γ + |~l ′|2E2γ sin2 θ` ,
β2 =|~l|Eγ − |~l ′|Eγ cos θ` − EγE′γ cos θ′γ ,
β3 =m
2
` +M(E − E′ − Eγ − E′γ)− E(E′ + Eγ + E′γ) + E′(Eγ + E′γ) + |~l||~l ′| cos θ`
+ |~l|E′γ cos θ′γ − |~l ′|E′γ(sin θ` sin θ′γ cosφ′γ + cos θ` cos θ′γ) + EγE′γ .
The integration limits for φ′γ are:
E2γ + γ2 − Eγ
√
γ
γ1
< cosφ′γ <
E2γ + γ2 + Eγ
√
γ
γ1
(79)
with
γ = 2γ2 + γ3 > 0 (80)
and
γ1 =|~l ′|E′γ sin θ` sin θ′γ , (81)
γ2 =m
2
` +M(E − E′ − Eγ − E′γ)− E(E′ + Eγ + E′γ) + E′(Eγ + E′γ) (82)
+ EγE
′
γ + |~l||~l ′| cos θ` + E′γ cos θ′γ
(
|~l| − |~l ′| cos θ`
)
,
γ3 =|~l|2 + |~l ′|2 + E2γ + E′ 2γ − 2E′γ cos θ′γ
(
|~l| − |~l ′| cos θ`
)
− 2|~l||~l ′| cos θ` . (83)
The condition γ ≥ 0 is always fulfilled provided that
E′γ ≤ E − E′ − Eγ . (84)
In our implementation of the numerical integration over the phase space we make sure that
no kinematic limit is missed by reconstructing always complete events and checking the 4-
momentum conservation. This allows us to use the phase space integrator as an event generator
which can be used for the simulation of an experiment. It turns out that an explicit implemen-
tation of the kinematic limits given above in the numerical integration routine is sufficient to
render the efficiency of the Monte Carlo integration at a high level above 70 %.
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